Abstract. We describe scattering formalism to evaluate the Casimir energy of two gratings separated by a vacuum slit and the Casimir energy of two ChernSimons layers in vacuum.
Introduction
The Casimir effect is a quantum fluctuation effect in the presence of boundaries [1] - [7] .
In [8, 9] it was shown that the Casimir force of two flat Chern-Simons layers in vacuum can be both attractive and repulsive depending on values of constants in Chern-Simons actions. Repulsive Casimir forces appear in interaction of two Chern-Simons layers due to mixing of TE and TM modes during diffraction process. The Casimir-Polder potential of a neutral anisotropic atom in the presence of a flat Chern-Simons layer was found in [10] , charge-parity violating effects in Casimir-Polder potentials were studied in [11] .
Systems with Chern-Simons terms on their surfaces have unique properties since a stable minimum of the Casimir energy naturally arises at nanoscales [12] ; this feature should allow an effective experimental study of interactions beyond electromagnetism via the Casimir force measurements in future.
The theory of two gratings with 1d spatial periodicity was developed in papers [13, 14] , the Casimir free energy was expressed in terms of Rayleigh coefficients [15] . The theory was found to be in agreement with experimental measurements of the lateral Casimir force between two sinusoidal 1d Au gratings with different amplitudes [16] .
In the present paper we describe scattering formalism which found itself effective in studies of both systems. The approaches to evaluate the Casimir energy of gratings and ChernSimons layers are similar from the mathematical point of view. This similarity may be essential for better understanding of repulsive and attractive forces in the Casimir effect.
An outline of the paper is the following. In Sec. 2 we introduce a general formalism for evaluation of Rayleigh coefficients for 1d gratings and express the Casimir free energy of two gratings with coinciding periods in terms of Rayleigh coefficients. In Sec. 3 we solve a diffraction problem for a plane Chern-Simons layer in vacuum. In Sec. 4 the Casimir energy of two plane Chern-Simons layers is derived.
We use = c = k B = 1 throughout the paper.
Casimir energy of 1d gratings
Consider two 1d gratings which are periodic in a direction x with a period d and separated by a vacuum slit L which is a minimum distance between the gratings. Materials of the gratings are defined by frequency dependent permittivities, the condition µ = 1 for magnetic permeability is assumed in the whole space. Periods of the gratings in a selected spatial direction coincide. To obtain reflection matrices for systems with periodic surface profiles or spatially periodic material properties it is convenient to consider Rayleigh decompositions [15] . The formalism is applicable to arbitrary surface profiles of 1d gratings. Consider diffraction of an electromagnetic plane wave on a single grating. For 1d periodic geometries the solutions of Maxwell equations can be decomposed in Fourier series on a variable x. The material of the grating is described by a frequency dependent dielectric permittivity ε(ω). Suppose h is the height of the grating's corrugation region z ∈ [−h, 0] (periodic in direction x and translationally invariant in direction y) while for z < −h grating's dielectric permittivity is equal ε(ω) at all spatial points. One can write exact solutions of Maxwell equations for z > 0 (ε = 1 for z > 0) in terms of Rayleigh reflection coefficients R
np (e −iωt+ik y y factors are omitted):
Here
For z < −h Rayleigh decompositions for electromagnetic field can be written in terms of transmission coefficients T In the range of values −h < z < 0 Maxwell equations can be rewritten in the form of first order differential equations [17] :
M is a square matrix depending on iω, k x , k y and surface profile in the range −h < z < 0. At z = −h, z = 0 the continuity conditions are imposed on all Fourier components of longitudinal fields E x , E y , H x and H y . As a result, the system of linear equations on the Rayleigh coefficients R (e) , R (m) , T (e) , T (m) can be obtained. The reflection matrix from the lower grating is constructed as follows:
Note that Rayleigh decomposition is exact outside gratings, the Rayleigh coefficients are determined from exact solution of Maxwell equations.
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For evaluation of the Casimir free energy we need matrices of reflection coefficients from the lower and upper gratings. Suppose the second (upper) grating is located at z > L, the distance L is then a minimum distance between the gratings.
By making use of argument principle
with
one derives the Casimir energy of two gratings in the form [13] :
where
with matrix elements e
on the main diagonal of a matrix G 1 . Note that in the formula (7) the matrix R 2down is a reflection matrix obtained from the mirror image of the second grating (z = L/2 is the location of a mirror), the mirror image of the second grating is located at z < 0. It is sufficient then to make a change of coordinates z → L − z 1 , y → −y 1 in Rayleigh decompositions for the mirror image grating to obtain the reflection matrix for the upper grating R 2up .
The Casimir free energy for 1d gratings separated by a vacuum slit can be written as a generalization of the zero temperature result (6):
here T is the temperature of the system, ω n = 2πnT are Matsubara frequencies; R 1down , R 2up are matrices of reflection coefficients from the lower and the upper gratings correspondingly, the prime means that the zero Matsubara term is taken with the coefficient 1/2.
Diffraction from a Chern-Simons layer
The Chern-Simons action for a plane layer at z = 0 is
with the current J ν = aε zνρσ F ρσ . Equations for the electromagnetic field in the presence of Chern-Simons action (10) can be written as:
From (11) one can derive boundary conditions for a flat Chern-Simons layer at z = 0 in the vacuum [18] :
Consider a diffraction of an electromagnetic wave in s (TE) polarization from the ChernSimons layer located at z = 0 (the multiplier exp(iωt + ik y y) is omitted in what follows):
From the condition (13) one gets
From the condition
From the condition E y | z=0 + = E y | z=0 − and the Maxwell equation
follows. From the condition (14) and the Maxwell equation
By solving the equations (19)-(22) one finds reflection and transmission coefficients for diffraction of TE electromagnetic wave on a Chern-Simons layer located at z = 0 [9] :
Consider a diffraction of an electromagnetic wave in p (TM) polarization from the ChernSimons layer located at z = 0:
From the condition E x | z=0 + = E x | z=0 − it follows r p→s = t p→s .
From the condition E y | z=0 + = E y | z=0 − and equation
By solving the system of equations (28)- (31), one gets reflection and transmission coefficients for diffraction of TM electromagnetic wave on a Chern-Simons layer located at z = 0 [9] :
(32)
Casimir energy of two Chern-Simons layers
Reflection matrix R 1down = R(a 1 ) from Chern-Simons layer located at z = 0 is defined by [9] :
Reflection matrix from Chern-Simons layer at z = L is defined after euclidean rotation by
is a matrix due to change of the coordinate system x 1 = x, y 1 = −y, z 1 = −z+ L, L is a distance between Chern-Simons layers. The Casimir energy of two Chern-Simons layers in vacuum is
Performing the integrals one gets for the energy [9] : 
where Li The plane with Chern-Simons term has a chosen direction, and changing the parameter a 2 → −a 2 in the Chern-Simons term is equivalent to rotating the Chern-Simons plane around any line passing through it by 180 degrees. Note that E(a 1 , a 2 ) is the Casimir energy of two Chern-Simons layers with equal chosen directions.
For a 1 = −a 2 the force is attractive for every a 1 .
For a 1 = a 2 one gets the Casimir energy of two Chern-Simons layers with identically selected directions of layers in space [8] . In this case the force is repulsive at all distances L for a 1 ∈ [0, a 0 ], where a 0 ≈ 1.032502, and attractive at all distances L for a 1 > a 0 .
